
Numerical realization for three-dimensional
approach

1 Analytical steps

The equation to be solved, note that x = cos θ:

Tλ′λ(p
′, p, x′) = Vλ′λ(p

′, p, x′)

+ lim
ε→0

∑
λ′′

∞∫
0

dp′′
p′′2

p2

2µ
+ iε− p′′2

2µ

1∫
−1

dx′′V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

= Vλ′λ(p
′, p, x′)

+2µ lim
ε→0

∑
λ′′

∞∫
0

dp′′
p′′2

p2 + iε− p′′2

1∫
−1

dx′′V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

= Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

∞∫
0

dp′′p′′2
{

P
p2 − p′′2

− iπδ
(
p2 − p′′2

)}

×
1∫

−1

dx′′V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

= Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

1∫
−1

dx′′
∞∫
0

dp′′V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

p′′2

p2 − p′′2

−iπµp
∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

' Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

1∫
−1

dx′′
M∫
0

dp′′V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

p′′2

p2 − p′′2

−iπµp
∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′) . (1)

Replacing the integral upper limit∞ with a large number M is acceptable as long as the potential

is a short range one. Next, taking care of the singularity.

Tλ′λ(p
′, p, x′) ' Vλ′λ(p

′, p, x′) + 2µ
∑
λ′′

1∫
−1

dx′′

{ M∫
0

dp′′p′′2V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

1

p2 − p′′2

−p2V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

∞∫
0

dp′′
1

p2 − p′′2

}

−iπµp
∑
λ′′

1∫
−1

dx′′V πλ
λ′λ′′(p

′, p, x′, x′′)T πλ′′λ(p, p, x
′′)
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' Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

1∫
−1

dx′′

{ M∫
0

dp′′p′′2V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

1

p2 − p′′2

−p2V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

M∫
0

dp′′
1

p2 − p′′2

−p2V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

∞∫
M

dp′′
1

p2 − p′′2

}

−iπµp
∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

' Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

1∫
−1

dx′′
M∫
0

dp′′
1

p2 − p′′2

×

{
p′′2V λ

λ′λ′′(p
′, p′′, x′, x′′)Tλ′′λ(p

′′, p, x′′)− p2V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

}

−µp ln

(
M − p
M + p

)∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

−iπµp
∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

' Vλ′λ(p
′, p, x′) + 2µ

∑
λ′′

1∫
−1

dx′′
M∫
0

dp′′
p′′2

p2 − p′′2
V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

−2µ
∑
λ′′

1∫
−1

dx′′p2V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

M∫
0

dp′′
1

p2 − p′′2

−µp ln

(
M − p
M + p

)∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

−iπµp
∑
λ′′

1∫
−1

dx′′V λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′) . (2)

Final equation.

Tλ′λ(p
′, p, x′) ' Vλ′λ(p

′, p, x′) + 2µ
∑
λ′′

1∫
−1

dx′′

[ M∫
0

dp′′
p′′2

p2 − p′′2
V λ
λ′λ′′(p

′, p′′, x′, x′′)Tλ′′λ(p
′′, p, x′′)

−

{
p

M∫
0

dp′′
1

p2 − p′′2
+

1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}

×pV λ
λ′λ′′(p

′, p, x′, x′′)Tλ′′λ(p, p, x
′′)

]
. (3)

2



2 Numerical steps

Discretizing the continuum variables p and x.

p′ → pi p′′ → pk

x′ → xj x′′ → xl
(4)

Changing the integrals into quadratures, setting pn+1 = p, and using δ̄ab = 1− δab.

Tλ′λ(pi, p, xj) = Vλ′λ(pi, p, xj) + 2µ
∑
λ′′

m∑
l=1

wx,l

[
n∑
k=1

wp,k
p2k

p2 − p2k
V λ
λ′λ′′(pi, pk, xj, xl)Tλ′′λ(pk, p, xl)

−

{
p

n∑
r=1

wp,r
1

p2 − p2r
+

1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}
pV λ

λ′λ′′(pi, p, xj, xl)Tλ′′λ(p, p, xl)

]

= Vλ′λ(pi, p, xj) + 2µ
∑
λ′′

m∑
l=1

wx,l

n+1∑
k=1

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
V λ
λ′λ′′(pi, pk, xj, xl)Tλ′′λ(pk, p, xl)

−δk,n+1

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}
pV λ

λ′λ′′(pi, p, xj, xl)Tλ′′λ(p, p, xl)

]

= Vλ′λ(pi, p, xj) + 2µ
∑
λ′′

m∑
l=1

wx,l

×
n+1∑
k=1

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
− δk,n+1p

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}]
×V λ

λ′λ′′(pi, pk, xj, xl)Tλ′′λ(pk, p, xl) . (5)

Bringing the ’unknowns’ to the left side and constructing the system of linear equations.

Tλ′λ(pi, p, xj)− 2µ
∑
λ′′

m∑
l=1

wx,l

n+1∑
k=1

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
− δk,n+1p

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}]
×V λ

λ′λ′′(pi, pk, xj, xl)Tλ′′λ(pk, p, xl) = Vλ′λ(pi, p, xj)∑
λ′′

m∑
l=1

n+1∑
k=1

(
δλ′′λ′δkiδljTλ′′λ(pk, p, xl)

−

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
− δk,n+1p

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}]

×2µwx,lV
λ
λ′λ′′(pi, pk, xj, xl)Tλ′′λ(pk, p, xl)

)
= Vλ′λ(pi, p, xj)

∑
λ′′

m∑
l=1

n+1∑
k=1

(
δλ′′λ′δkiδlj

−

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
− δk,n+1p

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}]

×2µwx,lV
λ
λ′λ′′(pi, pk, xj, xl)

)
Tλ′′λ(pk, p, xl) = Vλ′λ(pi, p, xj) . (6)
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Defining a new indexing scheme.

α = (λ′− 1)m(n+ 1) + (j− 1)(n+ 1) + i and β = (λ′′− 1)m(n+ 1) + (l− 1)(n+ 1) + k . (7)

Final equation. ∑
β

Aλαβ(p)Tβ,λ(p) = Vα,λ(p) , (8)

with p being the energy parameter and

Aλαβ(p) = δλ′′λ′δkiδlj −

[
δ̄k,n+1

wp,kp
2
k

p2 − p2k
− δk,n+1p

{
p

n∑
r=1

wp,r
p2 − p2r

+
1

2
ln

(
M − p
M + p

)
+

1

2
iπ

}]
×2µwx,lV

λ
λ′λ′′(pi, pk, xj, xl) (9)

Tβ,λ(p) = Tλ′′λ(pk, p, xl) (10)

Vα,λ(p) = Vλ′λ(pi, p, xj) . (11)
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